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Abstract We define an integer graded symplectic Floer cohomology and a 
Fintushel-Stern type spectral sequence which are new invariants for mono- 
tone Lagrangian sub-manifolds and exact isotopes. The Z-graded sym- 
plectic Floer cohomology is an integral lifting of the usual Z^j^) -graded 
Floer-Oh cohomology. We prove the Kiinneth formula for the spectral se- 
quence and an ring structure on it. The ring structure on the Z5](l) -graded 
Floer cohomology is induced from the ring structure of the cohomology 
of the Lagrangian sub-manifold via the spectral sequence. Using the Z- 
graded symplectic Floer cohomology, we show some intertwining relations 
among the Hofer energy euiL) of the embedded Lagrangian, the minimal 
symplectic action a{L), the minimal Maslov index and the smallest 

integer k{L,<j)) of the converging spectral sequence of the Lagrangian L. 

AMS Classification 53D40; 53D12, 70H05 

Keywords Monotone Lagrangian sub-manifold, Maslov index, Floer co- 
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1 Introduction 

In this paper, we construct a Z-graded symplectic Floer cohomology of mono- 
tone Lagrangian sub-manifolds by a completely algebraic topology method. 
This is a local symplectic invariant in terms of symplectic diffeomorphisms. 
We show that there exists a spectral sequence which converges to a global 
symplectic invariant (the -graded Floer cohomology, where is the 

minimal Maslov number of the monotone Lagrangian sub-manifold L ). The Z- 
graded symplectic Floer cohomology is an integral lifting of the ^^(l) -graded 
symplectic Floer cohomology. By exploiting the properties of our Z-graded 
symplectic Floer cohomology, we show that there is a relation between the 
Z-graded symplectic Floer cohomology and the restricted symplectic Floer co- 
homology constructed in |2j (see §5) via Hofer's symplectic energy. This may 
give an interesting way to understand the Hofer symplectic energy through the 
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Z-graded symplectic Floer cohomology. We borrow some ideas from the in- 
stanton Floer theory, and construct the Fintushel-Stern type spectral sequence 
in W for monotone Lagrangian sub-manifolds. Our method is in the nature 
of algebraic topology (see [20]), and is very different from the method in jl7j 
which is used local Darboux neighborhoods. We hope that there will be more 
algebraic cohomology operations which can be induced to the symplectic Floer 
cohomology through the quantum effects of higher differentials in our spectral 
sequence. 

Let (P, to) be a monotone symplectic manifold and L be a monotone Lagrangian 
sub-manifold in {P, uj) . Let be the critical point set of the symplectic action 
tttf, (see §2), where (p G Sympo(P) is a symplectic diffeomorphism generated by 
a time-depended Hamiltonian function. The set Im {a^)(Z(j,) is discrete. For 

r G M\Im {a^){Z^) = M^^,^, we can associate the Z2-modules (p; P) with 

an integer grading. The Z-graded symplectic Floer cohomology li^\L, (p; P) 
depends on r : 



(i) if [ro,n] C Rl,^, then Ip' (Acj); P) = ir\L,(t>-P); 

(ii) &l^,^AL,cl)-P) = li''^''^^^\L,(t>;P), where S(L)(> 0) is the minimal 



Maslov number of L and a{L){> 0) is the minimal number in Im/(^|^2(P,L) 
(see Definition 12.21 for S(L) and a{L)). 

Our main results are the following theorems. 

Theorem A Let L he a monotone Lagrangian sub-manifold in {P,uj). If 
E(L) > 3, then 

(1) there exists an isomorphism 



for n £ Z, and a continuation (J'^, i?!>'^)o<a<i G T^i which is regular at the ends. 




: /M(L,/;P,jO)^/M(L,</.^P,J^) 




'n+E{L)fe+lJ+l 



) with 



n = j (mod S(L)) 



{L,ct>-P,J) 



and 



E^^^{L,4>-P,J) 



Fi^^HF\L,cP;P,J)/F; 



n+S(L) 



HF^{L,cp-P,J). 
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Theorem B For T.{L) >3 and k >l, E^j{L, (p; P, J) is a symplectic invari- 
ant under continuous deformations of (J^jCj)^) within the set of continuations. 

For A; > 1 and r £RL,<t>, all the E^^^{L, cp; P, J) are new symplectic invariants. 
They provide potentially interesting invariants for the symplectic topology of 
L. Let k{L,(t)) be the minimal k for which E^,^{L,cj)) = E^^{L,cl)). So k{L,(t)) 
is an invariant of (L, (p) . Using the Z-graded symplectic Floer cohomology 
and the spectral sequence in Theorem A, we obtain the Kiinneth formulae for 
each term of the spectral sequence with Z2 -coefficients. Since we work on the 
Z2 -coefficients, there are Kiinneth formulae for the induced spectral sequence 
of the product monotone Lagrangian sub-manifold (Li x L2, (pi x (P2) ■ Then we 
study the Poincare-Laurent polynomial for Li x L2 in terms of the Poincare- 
Laurent polynomials for {Li,(j)i){i = 1,2). For certain Lagrangian imbeddings, 
we obtain an internal cup-product structure on the spectral sequence which 
is descended from the usual cup product of the cohomology H*{L,Z2), by 
studying the -ff*(L, Z2) -module structure on the spectral sequence and the 
Z2 -coefficients. The index in the internal product (|5.16|) is unusual from the 
internal product structure due to the Maslov index shift. From the quantum 
effect aroused from the higher differentials on /^^^(L, (/>; P, J) in the spectral 
sequence in Theorem A, the ring {HF*~'^{L, (p; P),[Joo) on the ^^(l) -graded 
symplectic Floer cohomology can be thought of as the quantum effect of the 
cohomology ring (//*(L; Z2), U) (see §5.2). Note that our cup-product struc- 
ture is different with the multiplicative structure defined in j3 I14| llSj . In 
jl4l I18j . the Floer cohomology is the cohomology of the symplectic manifold, 
only the cup-product structure is deformed, i.e., the same cohomology group 
with different ring structures is studied in [21 E|- Our induced cup-product 
on E^^{L, cj); P, J) may well have that the cohomology groups are different from 
the cohomology of the Lagrangian sub-manifolds (see J2 for instance). 

Theorem C (1) For the monotone Lagrangian Li x L2 in (Pi x P21 '^i ©1^2) 
with = \I^,Li a-nd S(Lj) = S(L) > 3 (i = 1,2), we have, for k > 1, 

E^jiLi X L2,<Pi X ^2; Pi X P2) = 
<,^.^(Li, </.i; Pi) P^,,,,(L2, CP2; P2). (1.1) 

ni+n2=n,ji+j2=j (mod S(L)) 

(2) For the monotone Lagrangian L ^ P with i* : H*{P;Z2) H*{L;Z2) 
surjective and Tj{L) > 3, the spectral sequence E^_^ ^{L, cj); P) carries an ring 
structure which is descended from the cohomology ring {H*{L; Z2), U) . 
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As an easy consequence of Theorem C, we obtain a generalization of Theorem 

1 and Theorem 3 of jj} as stated in Corollary 15.91 This proves the Arnold 
conjecture that the monotone Lagrangian intersections is bounded below by 
the Z2-cuplength of the Lagrangian sub-manifold (see §5.2). Using a result 
of Gromov and the Poincare-Laurent polynomial associated to the spectral se- 
quence, we show that the four invariants (t(L), E(L), ej^ (L) and k{L,4>) play 
important roles in the Z-graded symplectic Floer cohomology and the study 
of Lagrangian embeddings in §5.1. We obtain Chekanov's result by using the 
Z-graded symplectic Floer cohomology. Our study suggests a possible relation 
between the Z-graded symplectic Floer cohomology and Hofer's symplectic en- 
ergy for monotone Lagrangian sub-manifolds. In fact we conjecture that Hofer's 
symplectic energy of a monotone Lagrangian sub-manifold L with > 3 is 
a positive multiple of cr(L) (More precisely, eniL) = {k{L,(j)) — l)a{L)). We 
will discuss this problem elsewhere. It would be also interesting to link the 
Z-graded symplectic Floer cohomology with the (modified) Floer cohomology 
with Novikov ring coefficients in 7 . 

The paper is organized as follows. In §2, we define the Z-graded symplectic 
Floer cohomology for monotone Lagrangian sub-manifolds. Its invariance under 
the symplectic continuations is given in §3. Theorem A (1) is proved in §3. 
Theorem A (2), Theorem B and Theorem C (1) (Theorem I4.13|) are proved in 
§4. In §5, we give some applications related to Chekanov's construction and 
Lagrangian embeddings; at the last subsection §5.2, the proof of Theorem C 
(2) (Theorem 15. lip is given. 

2 The Z— graded Floer cohomology for Lagrangian 
intersections 

In this section, we define the Z-graded symplectic Floer cohomology, and dis- 
cuss some basic properties. 

Let (P, uj) be an oriented, connected and compact (or tamed) symplectic man- 
ifold with a closed non-degenerate 2-form lo. The 2-form uj defines the co- 
homology class [uj] G H'^{P,'R). By choosing an almost complex structure J 
on {P,uj) such that uj{-,J-) defines a Riemannian metric, we have an integer 
valued cohomology class ci(P) G i^^(P, Z) (the first Chern class). These two 
cohomology classes define two homomorphisms 
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by lUu) = fs2U*{uj) and IcAu) = Is2U*{ci) for u G 7r2(P) . If n: {D^,dD^) ^ 
{P, L) is a smooth map of pairs, up to homotopy, there is a unique triviahzation 
of the pull-back bundle u*TP = x C™. The triviahzation of the symplectic 
vector bundle defines a map from 5^ = dD^ to the set A(C'") of Lagrangians 
in C™. Let ^ G H^{K{C^),Z) be the well-known Maslov class. Then the 
map Ifj,^L'- '^2(-Pi-^) — > Z is defined by = ^{dD'^). The Maslov index is 

invariant under any symplectic isotopy of P. 

Definition 2.1 (i) The symplectic manifold (P, w) is monotone if = al^ 
for some q > 0. 

(ii) A Lagrangian sub-manifold L in {P,uj) is monotone if 7^^; = A/^^l for 
some A > 0. 

For a = and A = case, the manifold (P, w) and L are monotone defined by 
Floer IHl . The notion of monotone Lagrangian sub-manifolds is introduced 
by Oh ^Sj. The monotonicity is preserved under the exact deformations of L. 
By the canonical homomorphism /: TT2iP) — > '7r2(P, L), 

for X 7^ G TT2{P). If the Lagrangian sub-manifold L is monotone, then {P,uj) 
is also a monotone symplectic manifold with 2A = a. In fact, the constant 
A does not depend on the Lagrangian L, but depends only on the (P, cj) if 

Definition 2.2 (i) Define o"(L) to be the positive minimal number in the set 
Im I ^2 {P,L) C M. Define to be the positive generator for the subgroup 

(ii) A Lagrangian sub-manifold L is called rational if Im J(^|^2(p,l) = (t{L)'Z is 
a discrete subgroup of M and (t(L) > 0. For a monotone Lagrangian, we have 
a{L) = AS(L) for some A > 0. 

Let H : PxM— >-Rbea smooth real valued function and let Xh be defined 
by uj{X}{, •) = dH . Then the ordinary differential equation 

f = XH{x{t)), (2.1) 

is called a Hamiltonian equation associated with the time-dependent Hamil- 
tonian function H, or with the Hamiltonian vector field Xh- Equation (|2.H) 
defines a family (pH^t of diffeomorphisms of P such that x{t) = (j)H,t{x) is the so- 
lution of (EU). The set = {4>h,i\H G C°°(P x M, M)} of ah diffeomorphisms 
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arising in this way is a subgroup of the group of symplectic diffeomorphisms. 
An element in the set of exact diffeomorphisms is called a (time-dependent) 
exact isotopy. 

For an exact isotopy (p = {4't}o<t<i on {P,uj), we define the space 



n^ = {z:I^P I z{0)eL,z{l)eML),[<l>t'4t)]=0e7ri{P,L)}. 



Let L be a monotone Lagrangian sub-manifold, and let (f) = {(f)t}o<t<i be an 
exact isotopy on (P, u). If u and v are two maps from [0, 1] x [0, 1] to ii^p such 



u{t, 0), v{t, 0) G L, u{t, 1),v{t, 1) G M^) 
u{0,t) =v{0,t) = X, u{l,t) =v{l,t) =y, x,y e Ln(f)i{L), 
then we have 

Iu,{u) = Iu,{v) if and only if fiuix,y) = Hvix,y), 

where iiu{x,y) = I^,l(,u) is the Maslov-Viterbo index. In particular, if u and 
V are J-holomorphic curves with respect to the almost complex structure J 
(may vary with time t) compatible with uj, then 



Note that iiu{x,y) is well-defined mod S(L). The tangent space T^O^ of 
consists of vector fields ^ of P along z which are tangent to L at and to 



This form is closed in the sense that it can be integrated locally to a real function 
a on ri^. The term Da{z)^ vanishes for all ^ if and only if z is a constant 
loop, i.e., z(0) is a fixed point of The critical point set of the 1-form 
Da is the intersection point set L n 0i (L) . A critical point is non-degenerate 
if and only if the corresponding intersection is transversal. 

For a monotone Lagrangian sub-manifold L, an exact isotopy cf) and k > 2/p, 
consider the space of L? -paths 



Vli^^iL, ct>- P) = {ue Ll iJQ, P) I u{R X {0}) C L, u{R x {1}) c ^L)}, 

where 6 = M x [0, 1] = M x i/ C C. Let 5^ be the bundle of all J G End(rP) 
whose fiber is given by 



that 




01 (L) at 1. Then lo induces a "1-form" on $7^: 




(2.2) 



5^ = {J G End(T^P) 



= —Id and w(-, J-) is a Riemannian metric}. 
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Let J' = C°°([0, 1] X Suj) be the set of time-dependent almost complex struc- 
tm'es. Define 

75 f .-s du{T, t) du{T, t) 

dju{T, t) = + Jt (2.3) 

on V^igi-iL, 4>\ P) . Then the equation 5ju = is translational invariant in the 
variable r. Let M be the moduh space Mj{L,(p) = {u: R $7,^1 Jj^^j 
< oo,dju = 0} of finite actions, and Mj{x,y) = {u S M.\ limr-,+ooU = 
XjliuiT—^^ooU = y; € Zfj,}. So the moduli space ^A is the union of J- 

holomorphic curves \Jx yeLn4>i{L) -^ji^^v) ■ ^ intersects ^i(L) transversely, 
then there exists a smooth Banach manifold V{x, y) = 'P^{x, y) C for each 

X, y € such that ()2.3|) defines a smooth section dj of the smooth Banach 
space bundle C over V{x,y) with fibers Cu = L^_^{u*TP) . So M.j{x,y) is the 
zero set of dj. The tangent space T^V consists of all elements ^ G L^(u*{TP)) 
so that ^(r,_0) G TL and ^(r, 1) G T(0i(L)) for ah r G M. The linearized 
operator of dju, denoted by 

is a Predholm operator for u G y) . There is a dense set J'regiL, (j)i{L)) C 

J' so that if J G J'regiL, (j)i{L)) , then E'u is surjective for all u G A^j(x,y). 
Moreover the Fredholm index of the linearized operator is the same as the 
Maslov index fiu{x,y). In particular, the space M.j{x,y) is a smooth manifold 
with dimension ij,u{x,y) for J G J'regiL, (pi (L)) (see Proposition 2.1 in [3]). 

Theorem 2.3 [SI El Let L he a monotone Lagrangian sub~manifold in P, 
S(L) > 3 and (j) = {4>t\o<t<i he an exact isotopy such that L intersects (piiL) 
transversely. Then there is a dense subset ^*(L,0) C JregiL,(j)) of J such 
that (1) the zero dimensional component of Mjix,y) = M.jix,y)/R is com- 
pact and (2) the one dimensional component of Aijix ,y ) = Alj(x ,y )/M is 
compact up to the splitting of two isolated trajectories for J G J7*(-L, (/>). Let 
C*(L, (/>; P, J) be the free module over Z2 generated by Z^. Moreover, there 
exists a homomorphism 

5: C,iL,(t);P,J) ^C,iL,(t);P,J) (2.4) 

with 5 o (5 = for J G JregiL, (piiL)) . The ^^(l) -graded symplectic Floer 
cohomology HF*iL,(j);P,J) is defined to be the cohomology of the complex 
iC^iL,(p; P, J),6) , and HF*iL,(j);P, J) is invariant under the continuation of 
(J, 4>) , denoted by HF*iL, (j); P) with * G ^^(l) . 

In order to extend the Z^^j-^) -graded symplectic Floer-Oh cohomology to a Z- 
graded symplectic Floer cohomology, we make use of the infinite cyclic cover Q.*, 
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of By ()2.2I) . the functional a on Jl^ is only defined as a: fi,^ — > R/ct(L)Z, 
for different topology classes in Tr2{P,L). The symplectic action on $7^ and 

the Maslov index function on are well-defined: a: — > M and fi: Z^ ^ 
Z. The Z-graded symplectic Floer cohomology is constructed from the lifted 
symplectic action and the lifted Maslov index. The functional a on and its 
lift on are clearly distinguished from the context. 

Lemma 2.4 There exists a universal covering space Q^j, of il^ with transfor- 
mation group 712 {P, L) ■ 

Proof By theorem 3.1 in jl5j . there is a universal covering space Ct^ of Q(f, 
since the space Qtf, has the homotopy type of a CW complex. For [u] S 7ri(O0) , 
we have a representative u: I ^ such that there is a homotopy F{T,t) 
of (f>^^u{T,t) to a constant path in {P,L) by the definition of Thus we 
can reformulate the map u to yield a map u{T,t) = u{2T,t) for < r < 1/2; 
u(r,t) = F{2t - l,t) for 1/2 < r < 1. Such a map n: {D'^,dD'^) {P,L) 
defines an element in 7r2{P,L). It is easy to check that u ^ u is a bijective 
homomorphism between 7ri(r2(^) and 7r2{P,L) (see also Proposition 2.3 in j^). 
So the result follows. □ 

Now the closed 1-form Da{z) has a function a: Vt^ M which is well-defined 
up to a constant. Pick a point zq ^ H 01 (-^) such that a(zo) = by adding a 
constant. For g( G 7ri{0,^) = tt2{P,L), we have 

a{g{x)) = a{x) + deg(5)a(L), (2.5) 

where deg(5) is defined by Iuj{g) = deg{g)a{L) . Let Im(a)(Z^) be the image 
of a of Z^p] modulo a{L)'Z, the set Im(a)(Z^) is finite. Thus the set Ml,^ = 
M\Im(a)(Z^) consists of the regular values of the symplectic action a on Q,^. 
From the map a: M/a{L)Z, we pullback the universal covering space 

M M/cr(L)Z over Q^. Let Q*^ be the pullback a*{R) Q^. The space Q*^ 

is an infinite cyclic sub-covering space of the covering space $7^ of il^ . 

Given x €^ Z^ C i^^, let x^^^ G C be the unique lift of x such that 
a{x^^^) G {r,r + a{L)). Let fi^'^\x) = fiix{x^^\zo) G Z for n = 5 o n with 
g G vr2(P, L) and x*^^'-* = (^(x) . We define the Z-graded symplectic Floer cochain 
group by 

CI{\L,(I);P,J) =Z2{x e Z^ I /iW(a;) = n G Z}. (2.6) 

The group Cn\L, (p; P, J) is a free module over Z2 generated hy x G Z^f, with 
Ijl{x^^\ zq) = n. The grading is independent of the choice of zq . If zq is another 
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choice of the based point and g{zQ) = zq for some covering transformation g, 
then the corresponding choice of a hft x^^^ of x is just g{x^'^^) by (|2.5j) . Note 
that the Maslov index //^^^ (x) is independent of the choice of the based point 
Zq used in the definition of a. The fohowing lemma shows that the hft of the 
functional a is compatible with the universal lift of the circle R/a{L)7j. 

Lemma 2.5 The lift of the symplectic action over fi^ is compatible with the 
one of the Maslov index: for g E t^2{P^ L) with deg {g) = n, 

a{g{zo)) = na{L) if and only if fi^''\g{zo), zq) = nT.{L). 

Proof Let J be a compatible almost complex structure and a;(-, J-) be the 
corresponding Riemannian metric on P . Denote V be the Levi-Civita connec- 
tion of the metric uj{-^J-). Then T^L is an orthogonal complement of JT^L. 
One can represent Jx to be the standard J for suitable orthonormal basis in 
TxL. Let h be the parallel transport along the path u{t) {u{t, t) for each fixed 
t I) in 0,(f). Then we get an isometry 

hT,t '■ TxP ^ T^^^f^P. 

Define Jr,t = h^t°'^u{T,t)°hT,t ■ Then we have a smooth map / : Ixl ^ S0{2m) 
such that f~l o i o i = . Set 

L(r) = /i-i(r„(,,o)^), ML)ir) = h;^,{T^^,^^^ML)). 

Thus frfl{L{T)) = L{t) and fr^i{4>i{L){T)) = 0i(L)(r). The trivialization of 
u*TP by using the parallel transportation {/ir,t} is given by 

u*(TxP) = I X I X TxP = / X / X C™. 

Then there are two paths of Lagrangian subspaces L(t) and 0i(L)(t) in TxP = 
. Note that these two Lagrangian paths intersect transversely at end points 
r = and r = 1. There is a map /(^^ from the space Q^f, to the space A(m) of 
pairs of Lagrangian subspaces in defined by 

UAMr)}) = {L{r),ML){r)},0 < r < 1. 

The Lagrangian Grassmannian A(m) has a universal covering A{m) For the 
map /(^j : — > A(m) , there is a map from the CW complex ^l^ to A(m) from 
the obstruction theory. Hence there exists a corresponding map F between the 
covering space and the universal covering space A(m) . From the choice of 
Zq, a{g{zo)) = na{L). Note that Ug{Q) = ZQ,Ug{l) = g{zo), and {■Ug(T)}o<r<i 
corresponds to an element g G t^2{P^ L) ■ 
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By the definitions of (j{L) and S(L), we liave deg: tti{Q^) — > a{L)Z and 
Mas: 7ri(A(m)) = T,{L)Z. So there is a (71 G 7ri(A(m)) induced by g such 
/^^ o g. Note that ^(''^(zo, zq) = 0. The following diagram is 



that gi o F = 
commutative: 



1"! (/<;.) 



vri(A(m)) 



dcg{g) 



deg(9i) 



a{L)Z 



T,{L)2 



So Iuj{ug) = na{L) and I^^iiug) = deg(5fi)i;(L) by the definitions of 

and the Maslov index. Thus the result follows from cr(L) = AS(L) and the 

monotonicity of L. □ 



The index //^(x) depends on the trivialization over / x / , only the relative index 
does not depend on the trivialization. So the choice of a single zq fixes the 
shifting in the Z-graded symplectic Floer cochain complex. For g E 7r2(P, L) 
with x^^-' = g{x) , we have fJ-^^x) = ii{x) + deg 5 • . 

Proposition 2.6 (Lemma 12.51 and Proposition 2.4 If u ^ V{x,y) for 
x,y G Zff) and u is any lift of u, then fiu{x^^\y^^^) = fi^^^y) — yL^'^\x) = 

Definition 2.7 The Z-graded symplectic Floer coboundary map is defined 

by 

a(^) : ci[l,{L, <A; P, J) ^ Ci^\L, 0; P, J) 
aWx= Yl *Mj{x,y)-y, 

where M.j{x, y) is the union of the components of 1-dimensional moduli space 
of J-holomorphic curves, and Mj{x,y) = A^j(x,?/)/M is the zero-dimensional 
moduli space modulo r-translational invariant. The number ^Aij{x, y) counts 
the points modulo 2. 



Remark The condition S(L) > 3, rather than S(L) > 2, enters only in 
proving that {6 o Sx,x) = 0. For = 2, Oh evaluated a number (mod 2) 

of J-holomorphic disks with Maslov index 2 that pass through x € L C P, 
and verified that the number is always even. Hence {6 o §x, x) = (mod 2) . 
In our case, this reflects to understand the two lifts x^**^ and g{x^'^^) of x with 
deg (g) = ±1. Note that x*^^) € {r,r + a{L)) and gix^"^^) € {r + deg{g)a{L),r + 
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(deg(g) + l)cr(L)). So the Z-graded symplectic coboundary is not well-defined 
in this case. We leave it to future study. 

The coboundary map d^^^ only counts part of Floer's coboundary map in (|2.4|) . 
Next task is to verify d^'^^ o d^'^^ = in the following. 

Lemma 2.8 Under the same hypothesis in Theorem \2.3l we have d^'''^ o d^^'^ 
= 0. 

Proof If X G CI[1^{L, 0; P, J) (^(x^''), zq) = n-l),hj the definition of d^''^ , 
then the coefficient of z G ci[l^{L, 0; P, J) in d^''^ o d^''^ (x) is given by 

#Mj{x,y)-#Mj{y,z). (2.7) 

yeci''\L,4>;P,J) 

By Proposition 12.61 the boundary of the 1-dimensional manifold Aij{x,z) = 
J^j{x,z)/M. corresponds to two isolated trajectories M.j{x,y) x Adj{y,z). 
Each term ^Aij{x, y) ■ #Ai j{y, z) is the number of the 2-cusp trajectories of 

(r) 

Mj{x,z) with y G C^;'{L,^;P,J). For any such y, there are J~holomorphic 
curves u G A4j{x,y) and v G A4j{y,z). The other end of the corresponding 
component of Aij{x,z) corresponds to the space A4 j{x,y ) x Ai j{y',z) with 
u G M.j{x, y ) and v € M. j{y', z) . Then Mj{x, z) has an 1-parameter family 
of paths from x to z with ends and u #f for appropriate grafting (see [H] 
section 4). If we lift n to tt G Mj{x^^'\y) the moduli space of J-holomorphic 
curves in with asymptotics x*-**^ and y, then 

1 = = ^(y^ ^o) - ^^'^'\x) = fliy, zo) - (n - 1). (2.8) 

So n{y,zo) = n, and y = y^^^ is the preferred lift. So fJ.^^\y) = fj,{y,ZQ) = n. 
Thus u G 7Wj(xW,yW). Similarly v G 7Wj(?/W,zW). Since u is homo- 
topic to rel {x^'^\ z^"^^) , the lift u^v' is also a path with ends (x^''\ z*-^^) . 
Using the fact of the symplectic action a is non-increasing along any gradient 
trajectory u , we have 

r < a(zM) < a{y) < a(xM) < r + a{L). (2.9) 

By the uniqueness, we have y = {y )^'"^ . By (|2.8j) for u , we have ^^^^'\{y )^^^) = 
(x^^-*) + 1 = n. So y' G Cn\L, (p; P, J) . Thus the number of two-cusp 
trajectories connecting x^**) and z^**) with index 2 is always even. Hence we 
obtain 5^ o^W = 0. □ 
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The complex {Cir ' (L, 0; P, J),dii' ) is indeed a Z -graded symplectic Floer 
cochain complex. We call its cohomology to be an Z -graded symplectic Floer 
cohomology, denoted by 

(P; P, J) = H*{C^''\l, (P; P, J), 5^), * £ Z. (2.10) 

By the construction of li^\L, (p; P, J) , if [r,s] C M^^^, then li^\L, (p; P, J) = 
l'f\L, (p; P, J) . The relation between /^^(L, (p; P, J) and HF*{L, <p; P) wih be 
discussed in §4. 

3 Invariance property of the Z— graded symplectic 
Floer cohomology 

In this section we show that the Z-graded symplectic Floer cohomology in 
()2.1U() is invariant under the changes of J and under the exact deformations (pi 
of the Lagrangian sub-manifold L . 

Let {{J^,(p^)}x£K be an 1-parameter family which interpolates from {J^,(p^) 
to (J^, (p^). The family {J^, (p^) is constant in A outside [0, 1] . We also assume 
that (p\ is exact under the change of A. Let = J{X,t) be a 2-parameter 
family of almost complex structures compatible to u), and (p^ = (p{X,t) with 
(p{X, 0) = Id is the 2-parameter family of exact isotopies contractible to the 
identity. Such (p^ connecting (pt,(pt does exist. Floer |3| discussed the in- 
variance of the symplectic Floer cohomology under the change of (J, (p) for 
{J^,(p^) C°°-close to (J^,0^). Let be the Hamiltonian function generated 
by cp'^ = {(pt^o<t<i - Then the deformed gradient flow of a^j is 

djxuxir, t) + VjHt\ux{T, t)) = ^ + + VjHt{ux{T, t)) = 0, (3.1) 

with the moving Lagrangian boundary conditions 

ux{T,Q)^L,ux{T,l)e(P\{L). (3.2) 

We define C^j\ = min{a(x'^'')) — r, a{L) +r — a{x^^^)\x G Z^} . For each x £ Z^, 
there is an open neighborhood Ux in 17^ such that (1) Ux is evenly covered in 

(r) 

Q'^, (2) for each z € Ux, \ci{z) — a(x)\ < Cj[/8. There are finite sub-cover 
{Uxi 5 ■ ■ ■ ; Ux^. } of Z^, and by Gromov's compactness theorem [5 , we have ei > 
such that if 111)0(2;) ||^3 < ei then z G \Ji=iUx^- Let e = mm{ei,C^^ ^^/8} . 
We set a deformation {J,(p} satisfying the usual perturbation requirements in 
[3], and also satisfying 

(i) \H,^{z)\<e/2, (ii) \\S/jH,\z)\\LS<e/2, (3.3) 
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for all z G i}^. These deformation conditions can be achieved by the density 
statement in 1^. 

Let 7'i.e/2 be the set of {J, (/>} which satisfies these extra conditions ()3.3() . 

This directly generalizes the J-holomorphic curve equation in the cases of 
(J°,(/>°) and (J^</'^). The moduh space Mjx{x,y) of (EU) and has the 
same analytic properties as the moduli space Mj{x,y) except for the transla- 
tional invariance (see Proposition 3.2 in |^). Hofer analyzed the compactness 
property for a similar moving Lagrangian coboundary condition, Oh ^TH] deter- 
mined that the bubbling-off spheres or disks can not occur in the components 
of Mjx{x,y) for the monotone Lagrangian sub-manifold L with S(L) > 3. 
The index of u\ can be proved to be the same as a topological index for the 
moduli space of perturbed J-holomorphic curves. The proof of the invariance 
under the changes of (J, </>) is the same as in [31 0^]. It is sufficient for us to 
verify that the cochain map is well-defined for the Z-graded symplectic Floer 
cochain complexes. 

Lemma 3.1 If u\ G M.j\{xo,xi), G 'Pi,e/2) ^"c/ u\ G V{xq,xi) is 

any lift of u\ , then 

< «(jo,0O)(xo) +e. 

Proof Note that the path {u\{t)\t G (— oo,0)} is a gradient trajectory for 
{J^^cfP) and {u\{t)\t G (1,cx))} is a gradient trajectory for {J^^cj?-). So 

O(jo,</.o)(^f(0)) < a(jo,0O)(5o), < «(Ji,</ii)(^t(l))- (3.4) 

Since u\ G Mjx{xq^xi) ^ by the property of 'Pi,e/2 5 we have 

\\dj,u^{rMLl = W^-^ + Jt^-^H 

= \\V.jH^{ux{T,t))\\Ll 

< e/2. 

By the Sobolev embedding L?' , 

-^<.^(ua)I0x[O,1] = II^J^^A|li2(ex[o,l]) - PjA^iA|li2(0x[o,l]) 

> -pJA'"A|li2(0x[o,l]) 

> -e/2 
Thus we obtain the following. 

a(jO,0O)(^'A(O)) = a(Ji,0l)(^l) +^a;(^iA)lex[0,l] (3-5) 

> a{Ji,0i)(^i) -e/2- 
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«(jo,0O)(xo) > a(jo^^o)(uA(0)) 

= «(JO,</.o)(«a(0)) + Ho{ux{0)) 
> («(Ji,0i)(^i) -'^/2) -e/2, 
by H3.3|) and p.Sp . Then the result fohows. □ 

Definition 3.2 For n € Z, define a homomorphism (/>q-|^ : Cn\L, (fp; P, J^) — i- 
cj:\L,^^;P,J^) by 

'/'oi(2;o)= X] #A^^a(2;o,xi) -xi, 

xiGCi'''{L,</.i;P,Ji) 

where (xq, a^i) is a 0-dimensional moduli space of J~holomorphic curves 
satisfying (jXIl) and 

We show that the homomorphism (p^^ is a cochain map with respect to the 
integral lifts. 

Lemma 3.3 The homomorphism {</'oi}*gz is a cochain map: 

Proof For xq G ci[\L,(j)^; P, J^) and yi G ci!ji(L, 0^; P, J^) , the coefficient 
of 2/1 in (i9|fx ° '^oi ~ '^oi ° o)(^o) is the modulo 2 number of the set: 

U >ijo(a:o,yo) X >(%(yo,yi) (3.6) 

yo&ci%{L,cpo-P,jo) 

n U A^jA(a;o,xi) X A^ji(xi,yi). 

The ends of the 1-dimensional manifold M^jx{xQ,yi) are in one-to-one corre- 
spondence with the set 

( IJ Mjo{xo,y) X M%{y,yi))U{ [j M'},{xo,x) x Mji{x,yi)). (3.7) 

For an end u^v of M^jx{xo,yi) corresponding to an element in l^'d.^ . the 
other end u of the same component corresponds to an element in (|3.7|) (see 
[SI section 4 for the gluing construction on u^v). For u € A4^jx{xo,y) and 
V G 7V4ji(y,yi), the space M\x{xo,yi) gives a 1-parameter family of paths in 
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V{L, (p^; P) with fixed end points xq and yi. The 1-parameter family gives 
the homotopy of paths from n#pt> to u #pV rel end points. The Uft of u^pV 
starts at Xq and ends at i/i , so does the lift of u #pU . Suppose u lifts to 
an element in A4^jx{xl^\y) . By Lemma l3. 11 we have 

< a(^jo,ct,o){xQ^) + e <r + a{L). (3.8) 
Using the fact that trajectory decreases the symplectic action, we obtain 

0'{j\<t>^){y) > a(j\4>^){y?) > r. (3.9) 

So a(ji,</,i)(y) G {r,r + a{L)) . Inequalities (|3.8() and 1)3. 9|) give the preferred lift 
y = y^"^^ of y. By Proposition 12.61 fl). 

l = MM(yi)-^M(y) = (n + l)-^W(y). 

So ^J.^^\y) = n and y G Cn\L, (f)^; P, J^) . This shows that the u in 
1)3. 7(1 actually corresponds to an element in (|3.6() . So the cardinality is always 
even. □ 



For (J*,(/)*) G 'Pi,£/2 (^ = 0) 152), we define a class 'P2,e of perturbations con- 
sisting of 

'(jO,/) ifA<-r, 
{J\^^) if -r + 1 < A < r- 1, 

t(j2,<A2) ifA>r, 



for a fixed number T{> 2) with (J^,0^)o<A<i € 7^i,£/2 and ( J^, (/'^)i<a<2 ^ 
If both perturbations ( J^, (/>^)o<a<i G ^i,e/2((-''°, 0°), ('^^ 0"^)) and 
(^^,<^^)i<A<2 G 7^l,e/2((-f^0^),(-'■^0^)), then we can compose ( J^, (/>^)o<a<i 
with (j\<^^)i<A<2 to get (J\</)^) G P2,e((J°,</'°), (J', </-'))• Let (J\<A^) = 
{J^,4>^)o<x<ii^T{J''^,4'''^)i<\<2 be the composition. Then for a large fixed T 
and each compact set K in '^j^^^^ [x,y) x A1jA^^^^(y, z), there is a > 
and for all p > pT & local diffeomorphism 

#PT- ■^(J\0^)o<A<l#T,,^(J\0^)l<A<2(^' (3-10) 

See Proposition 2d.l in [3]. 

Lemma 3.4 For {J^,(j)^) G 7^2, ei a^id p> px, we have 

002 = 0?2 °'Aoi, forn gZ. 
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Proof For xq G CX''{L, (jP; P, J°) , we have 

yo<^ci[\L,<t>2-P,J^) 

where the summation ^ runs over yo S Cn\L, cfp'; P, J^) . Also we have 

where the summation ^ runs over y € Cn\L, (j)^; P, J^). The local difFeomor- 
phism in (|3.1Uj) determines the following: 

''0<A<1 ■'l<A<2 

All we need to check is that y G Cn\L, (j)^; P, J^). This can be verified by the 
same argument in the Lemma 13.31 □ 

For two classes {J^,<p^) and (J^ ,'^^) in P2,e((^°, (/'°), ( J^, (/'^)) , the following 
lemma shows that the induced cochain maps 4'o2 cochain homotopic 

to each other. 

Lemma 3.5 If{J^,(j)^), (7^,^^) G p2,£(( ( J^ </'^)) can be smoothly 
deformed from one to another by a 1-parameter family {Jg,(f>g) of s £ [0, 1] ; 
{J^,(j)_^) = (J^,0^) for s <0, and (J,^,(/>^) = (J^,^^) for s > 1. Then (P*^^ 
and (po2 cochain homotopic to each other. 

Proof It suffices to construct a homomorphism 

H : ci'\L, P, j') - cf\L, <p'; P, J% 

of degree —1 with the property 

^02 - To2 = Hdi:l + ^uIh, forn G Z . (3.11) 

Associated to the family (J^,0g), there is a moduli space HM-{xo,yo) = 
Us6[o,i]-^('jA,<^A)(2;o,yo): 

HM{xo,yo) = {{u,s) G A^(ja,^a)(xo, yo) x [0,1]} C V{L,^^^; P){xo,yo) x [0,1]. 

The space HM.{xo,yo) is the regular zero set of 9j(ja,^a), and is smooth 
manifolds of dimension ^^^\yo) — fj,^^\xo) + 1. For the case of fi^^'\xQ) = 
f^^^Huo) = the boundaries of the 1-dimensional manifold HJ^{xQ,yo) of 
V{L,(l)^;P){xo,yo) x [0,1] consist of 
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• >'('jA,^A)(a;o,yo) X {0}liM^_^_^^{xo,yo) x {1}, 

• >I^jA_^A)(a;o,y) x Mj'_;2_^2)(y, yo) for y G c';^l^{L,(j)'^; P, J"^) , 

• ■^(jo,^o)(2;o,2;) X jf^jx^^x){x,y) for a; G cl[l^{L,4>°; P, . 

Note that TW^ja 0A)(2;o, y) and TW^ja ,^a)(x, y) are moduli spaces of solutions 
of {u,s) of J-holomorphic equations lying in virtual dimension —1 (fiu = 
-1), they can only occur for < s < 1. Define H : cL''\L,(p^; P, J^) 
d:l,{L,<p^;P,,P)hy 

H{xo)= #A^5'jA,<^A)(xo,y) -y, (3.12) 

yecMi(i,<A2;P,J2) 

for < s < 1. Similar to Lemma 13.31 by checking the corresponding preferred 
lifts and the integral Maslov indexes, we get the desired cochain homotopy H 
between (j)Q2 ^-^d (j)Q2 such that H satisfies (|3.11|) . □ 

By Lemma 13.51 the homomorphism (/>q2 induced from {J^,(p^) is the same 

homomorphism induced from {J ) on the Z-graded symplectic Floer 
cohomology. So the Z-graded symplectic Floer cohomology is invariant under 
the continuation of (J, </>). The following is Theorem A (1). 

Theorem 3.6 For any continuation {J'^,cl)'^) G 'Pi,e/2 which is regular at the 
ends, there exists an isomorphism 

<ASi: /(^)(L,/;P,J°)-/(^)(L,0i;P,ji), forneZ. 

Proof Let {J~'^,(p~'^) be the reversed family of {J'^,(j)'^) by setting r = — r'. 
So we can form a family of composition ( J'^, i;^'^)o<A<i#r(<^~^, '/'~^)i<A<2 in 
V2,e for some fixed T(> 2). By Lemma 13.41 

'^(J\0^)o<a<i#t(J-\0-^)i<a<2 = "^^lO ° '^^Ol- 

One can deform ( J^, 0^)o<a<i#t(<^ '^5 '^)i<A<2 into the trivial continuation 
{J^,(j)^) for all r G M. Then by Lemma 13.51 we have 

<t>*io ° <Poi = 0So = id : li''\L, P, j") ^ /(''^(L, P, 7°). 
Similarly, (pQ-^ o = 0*-^ = id on cI)^;P,J^). The result follows. □ 

(r) 

The Z-graded symplectic Floer cohomology is functorial with respect to 
compositions of continuations {J^,(j)^), and invariant under continuous defor- 
mations of {J^,(j)^) within the set of continuations 
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4 The spectral sequence for the symplectic Floer co- 
homology 

In this section, we show that li^\L, cp; P) (the Z-graded symplectic Floer coho- 
mology) for r € M^^^ and * G Z determines the Zj^^j;^) -graded symplectic Floer 
cohomology H F* {L , (j); P) . The way to link them together is to filter the Z- 
graded symplectic Floer cochain complex. Then by a standard method in alge- 
braic topology (see 1201)) the filtration gives arise a spectral sequence which con- 
verges to the Zs(_L) -graded symplectic Floer cohomology HF* {L, (f>; P) . The 
Kiinneth formula (Theorem l4.1.Sj) for the spectral sequence is obtained by the 
analysis of higher differentials and Maslov indexes. 

Definition 4.1 For r E ^L,(i>,j G ^s{L) ^-iid = i ( raod T,{L)) , we define 
the free module over Z2 : 

k>0 

The free module F^^^C^{L, (p; P, J) gives a natural decreasing filtration on the 
symplectic Floer cochain groups C^{L, 0; P, J) (* € Z2(l)) • 

There is a finite length decreasing filtration of Cj{L, (j); P, J) , j € '■ 

■ ■ ■ ^i%iLfj(^' J) C ^i'^C',(L, 0; P, J) C • • • C C,(L, P, J). (4.1) 

C,{LA;P,J)= U Fi^^C,{L,ct>-P,J). (4.2) 

n=j{mod T,{L)) 

Note that the symplectic action is non-increasing along the gradient trajec- 
tories. The coboundary map 6: Fn^Cj{L,(j); P, J) — > F^_^^Cj^i{L, cf); P, J) in 
the Theorem 12.31 preserves the filtration in Definition 14.11 Thus the Z2(l)- 
graded symplectic Floer cochain complex {Cj{L,(j);P, J),5)j^i^^^^^ has a de- 
creasing bounded filtration {F^^^C^L, (j); P, J),6): 

■ ■ ■ Pi%iLfjiL, <A; P, J) C F^'^CjiL, cp-P,J) • • • c C,-(L, P, J) 

CPiic,+i(L,,^;P,J) ..•cC7,+i(L,</.;P,J) 

■1- ■1' X 

(4.3) 
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(r) 

The cohomology of the vertical cochain subcomplex Fn C^{L,(j)]P, J) in the 
filtration ^ is F^hf\L,cp- P, J). 

Lemma 4.2 There is a filtration for the Z -graded symplectic Floer cohomol- 
ogy {I^:\L,ct>-P,J)],^z, 

■ ■ ■ ^i%iL)HF'iL, P, J) C Fi^^HF^L, P, J) C • • • C (L, P, J), 
where Pjf^HF^iL, ct>; P, J) = \^er{l'f\L, P, J) ^ P^'l^^^^/f (L, 0; P, J)) . 

Proof The results follows from Definition 14.11 and standard results in j2L)j 
Chapter 9. □ 

Theorem 4.3 For T,{L) > 3, there is a spectral sequence [E^pd^) with 
El^{L, P, J) ^ /("^^IL, 0; P, J), n = j {mod S(L)), 
d'^ : S^,,(L, <A; P, J) - i^^+E(L)fc+i,,+i(^' ^' 



and 



E^j{L, ct>- P, J) - Fi'^HF^iL, ct>- P, J)/fI%^^^HF^{L, 4>; P, J). 



In other words the spectral sequence {E^-^d'^) converges to the ^^(l) -graded 
symplectic Floer cohomology HF*{L, (p; P) . 



PMC,(L, 0; P, J)/Fj[l^,^.C,{L, cl>; P, J) = CW(L, 0; P, J). 



Proof Note that 

r ^. D 7\ / !, 

n+S(L) 

It is well-known from j2Uj that there exists a spectral sequence {E^j,d^) with 
term given by the cohomology of F^''^Cj{L, (f>; P, J)/Fj[_lj,^^-^Cj{L, (p; P, J) . 
So El j{L, (p; P, J) ^ li''\L, 0; P, J) and E^j{L, 0; P, J) is isomorphic to the bi- 

(r) 

graded Z2-module associated to the filtration P* of the Z-graded symplectic 
Floer cohomology In\L,(f)] P, J) . Note that the grading is unusual (jumping 
by S(P) in each step), we list the terms for Z^,^ and E'^^. 



Zl^{L, <P; P, J) = {x € Pi^)C7,(L, 4>- P, J)\5x G P^;\_^2(^.,C,+i(L, <A; P, J)}, 



P;;,/L,0;P,J) = 

0; p, j)/{z„^S(^)^^.(L, 0; p, J) + 5^„';(Vi)E(L)-i,,-i(^' J)}^ 
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Z^j{L, cP; P, J) = {xe F«C,(L, cj); P, J)\5x = 0}, 

(L, 0; p, J)/{zr+E(L),, 'A; P, J) + rf^r+(fc-i)E(L)-i,i-i(^, J)}- 

Thus d'^ : E^j{L, cP; P, J) K+^{L)k+i,j+ii^^ '^J ^' is induced from 5. 

Since the Lagrangian intersections are transverse, and = Lri(j)i{L) is a finite 
set, so the filtration F^^^ is bounded and complete from (|4.2I) . Thus the spectral 
sequence converges to the ^^(l) -graded symplectic Floer cohomology. □ 

Remark For monotone Lagrangians L with S(L) > 3 and 4> ^ Sympo{P,Lo) , 
the spectral sequence in Theorem 14.31 gives a precise information on S^^-term 
and all higher differentials (see also later lemmae). The spectral sequence 
for monotone Lagrangian L with S(L) > 2 and (p G Ham{P,uj) -sufficiently 
close to Id in Theorem IV of |17| gives a filtration from the Morse index of L. 
Our filtration is given by the integral lifting of the Maslov index. 

Theorem 14.31 gives Theorem A (2). The following theorem is Theorem B. 

Theorem 4.4 For S(L) > 3, 

(1) there exists an isomorphism 

El^{L, P, jO) - El^{L, cP'-P, J^), 
for any continuation ( J'^, cp'^) G Pi,e/2 which is regular at ends. 

(2) for k > 1, E^ j{L, (p; P, J) is the symplectic invariant under continuous 
deformations of {J^,(p^) within the set of continuations. 

Proof Clearly (2) follows from (1) by the Theorem 1 in |^ page 468. By 
Theorem 14.31 there is an isomorphism: 

<,(L,/;P,jO)-/M(L,/;P,jO). 

By Theorem 13.61 we have the isomorphism 

cPli : I^:\L, P, jO) ^ P, J^), 

which is compatible with the filtration. The isomorphism (p^^ induces an iso- 
morphism on the E^ term. So we obtain the result. □ 
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By Theorem El E^^iL, 0; P, J) = E^ j{L, <l>; P) , El^{L, <l>; P) = li{\L, 0; P) 
are new symplectic invariants provided S(L) > 3. All these new symplectic 
invariants should contain more information on (P, co;L,(p). They are finer than 
the usual symplectic Floer cohomology HF*{L, rp] P){* G ^e(l)) • Iii particular, 
the minimal k for which E^{L,(f)) = E°°{L,(I)) should be meaningful, denoted 
by k{L,(l)). The number k{L,(f)) is certainly a numerical invariant for the 
monotone Lagrangian sub-manifold L and </> € SympQ{P) . 

Corollary 4.5 For > 3 and j G , 

J2^j%(L)k(L,<t>;P)=HF^{L,4>;P) 

kez 

if and only if all the differentials d'^ in the spectral sequence {E^-,d^) are 
trivial, if and only if k{L,(j)) = 1 . 

□ 

In general, ^fcez ^]+s(L)fe(^' '^^ ^) ^ HF^{L,<I,-P) for j G ^^(i) . The Z- 

graded symplectic Floer cohomology li^\L, (p; P) can be thought as an integral 
lifting of the Zj](2,) -graded symplectic Floer cohomology H F* (L , (p; P) . From 
our construction of the Z -graded symplectic Floer cohomology, we have that 

(i) if [ro, ri] C Rl,^, then P) = E%''\l, 4>- P) ; 

(ii) E':fl,^^SLA-.P)=E'S'-''^'^^\LA-,P). 

Since we work on field coefficients (over Z2), we give a description of d^ in 
terms of generators. 

Lemma 4.6 Modulo E^~^ , the differential d^ : E^ j -E^^+fcs(L)+i j+i 
given by 

d'x= Yl #Mj{x,y)-y. (4.4) 

-/i('-){x)+/i('-)(s/)=fcS(L)+l 

The differential d^ extends linearly over E^ ^ . 

Proof For x G E^ ■ , we have, by definition, that x is survived from all pre- 
vious differentials. Since the coefficients are in a field Z2, there are no torsion 
elements. So a; G -^^j, n^''\x) = n and 5x G F^^i^^^^^_^^Cj^i{L,(j)]P,J). Thus 

d^x = 5x= #Mj{x, y) ■ y. 

The result follows. □ 



Algebraic & Qeometric Topology, Volume 4 (2004) 



668 



Weiping Li 



Lemma 4.7 If {x,y) < {p + l)S(L) for any u in 1-dimensional moduli 
spaces of J-holonaorphic curves with x,y £ ci^\L,(j); P, J) , then d'' = for 
k > p+1. So the spectral sequence ^{L, (p; P, J) collapses at least {p + 1) th 
term. 

Proof Suppose the contrary. There is x € j such that d^'x ^ for k > 
p+1. By Lemma 14.61 

#Mj{x,y)-yy^O. 

-tJ.('') (x)+At('-) (y)=feE{L)+l 

So there exist y and u € A4j{x,y) such that there is a nontrivial J~holomor- 
phic curve u with ^u\x.,y) = kT,{L) + 1. On the other hand, there exists a 
J-holomorphic curve u with fXu\x,y) > {p + l)S(L) + 1. Hence the result 
fohows from the contradiction. □ 

By Lemma [4. 71 the hfted symplectic action actuaUy measures the how large the 
J-holomorphic curves by the integral lifted Maslov index. If a{x^'^^) — a(y('")) < 
(p+ 1)ct(L) for all x,y e ci''\L, (f); P, J) , then k{L,(l)) < (p+ 1). 

Proposition 4.8 For any compact monotone Lagrangian sub-manifold L in 
{P,uj) with > m + 1, (m > 2), then 

(1) all the differentials d^ are trivial for k > 0, 

(2) we have the following relation: 

E^i%iL)kiL,<P;P) = HF={L,<p-P). 

k&Z 

Proof For the Z-graded symplectic Floer cochain complex C^^\l, (f>s', P, J) , 
by Proposition 15.41 the Maslov index satisfies the following: 

< max fi^^'^'\y) — minfi^^°\x) = ^iHsiv) ~ f^'Hsi^) < iti. 
The result follows from the definition of d'^ , > m+1 and Corollarv l4.51 □ 

For any compact monotone Lagrangian embedding L C C™, we have 1 < 
E(L) < m and the inequality is optimal based on Polterovich's examples. 
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Definition 4.9 (1) The associated Poincare-Laurent polynomial P{E^,t) 
{k > 1) of the spectral sequence is defined as: 

pM(i?^^) = J](dimz,<,)r. 
(2) The Euler number of the spectral sequence is defined to be the number 

By Theorem Ol = Yl^^^^i^^^z^ In\L, (p; P, J))e . From Remark 

5.b (ii), we have 

p(r+^(i))(^fc^t)tS(L) =pM(^fc^t). (4.5) 

We can compare two Poincare-Laurent polynomials P^'^\E^ ,t) and P^'^\E°° ,t) 
in the following. 

Proposition 4.10 For any monotone Lagrangian L with S(L) > 3, 

k 

P^'-){E^,t) = + t-^^(^)-i)Qi(t) + P^''\HF*,t), 

i=l 

where k + 1 = k{L,(f)) and Qi{t) (i = 1,2, ••• ,k) are the Poincare-Laurent 
polynomials of nonnegative integer coefRcients. 

Proof Let Z^^ = ker{d' : E^^ ^ i?;^+s{L)+i,,+i} and B^^ = Imd^nE^^. 
We have two short exact sequences: 

Zn,j Sn+S(L)+lj+l ^ 0' (4-6) 

^ ^ ^ El^ ^ 0. (4.7) 
So the degree T,{L) + 1 of the differential derives the following. 

p('-\E\t) = P^''\E^,t) + (1 + (4.8) 

Since the higher differential has degree iTi{L) + 1, we can repeat ()4.8p for 
E^ and so on. Let Qi{t) = P^''\B\t). Note that ®E°° ^ H F* {L , (j); P) by 
Theorem 13.61 and Theorem 14.31 Thus we obtain the desired result. □ 

From the proof of Proposition 14.101 we have 

k 

p('\E^,t) = ^{l + t-'^^^^-^)Qi{t)+P^^\HF*,t), (4.9) 
i=i 
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E 

'n=j (mod E(L)) 



for 1 <l < k. Since 5](L) is even, so we have 

n&Z 
S(L)-1 

In particular, by Proposition 14. lUl 

x{Et^,) = x{E^,) = X{HF*), for all A; > 1. (4.10) 

For an oriented monotone Lagrangian sub-manifold Li in {Pi,uJi), we have 
I^. = Xlf^^Li for the same A > 0. So the product Li x L2 x • • • x is also 
an oriented Lagrangian in {Y[i=i ^i^^'^ © W2 ■ • • ©w^). For u : (Z)^,9-D^) ^ 
(ni=i -f«'ni=i -^j)' Pi : 11^=1 ~^ Pi be the projection on the z-th factor 
= 1, 2, • • • , s) . Now we obtain 



Ill®■■■®^l,LlX■■■y■Ls{'^) 



i=l 



which follows from the product symplectic form and the Kiinneth formula for 
the Maslov class in A(C"i) x • • • x A(C™''), where C"' = {pi o ii)*(T,Pj) (see 
^). Hence we have 



So the product Lagrangian Li x 
W2 • • • © '^s) • Note that {T.{Li x 



i=l 

•^-^/i® ■ ■ -e/i.Li X ■ ■ ■ X Ls (^) • 

X is also monotone in (11^=1 -Pi)"^! © 
X L^)) = {g.c.d{^{Li) : 1 < i < s)) (as 
an ideal in Z) by the additivity of the Maslov index. For simplicity, we will 
assume that S(Lj) = S(L) > 3 for each 1 < i < s. 

Since S(Li x L2) = 5](L) > 3 and Li x L2 is an oriented monotone Lagrangian, 
we use the symplectic diffeomorphism (j)iX(j)2 G SympQ{Pi x P2) . In particular, 
by Lemma 15.31 and j2j we have 

l!f'\Li X L2,cPi X (t>2;Pi X P2) = H*+"'^+"'^{Li X L2;Z2). 
So there is a Kiinneth formula for the Z-graded symplectic Floer cohomology. 



/i (Li X L2, 1 



;Pi X P2) = /^'^(^i,0i;Pi)®/r^(L2,02;P2). (4.11) 



(ni). 
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The torsion terms are irrelevant in this case due to the field Z2 -coefficients. In 
terms of the filtration and our spectral sequence, we have 

El^^^iL^,cPv,Pi) El^^^{L2,cP2;P2). (4.12) 

ni+n2=n,ji+j2=j (mod S(-L)) 

Proposition 4.11 For the monotone Lagrangian sub~manifold LiX L2, there 
exists a spectral sequence -{Li x L2,4>i x (1)2; Pi x P2) which converges to 
the 'I'Y.ijS) -graded symplectic Floer cohomology HF*{Li x L2, (pi x (j)2', Pi x P2) 
with 

E^jiLi X L2,(t>i X (j)2;Pi X P2) = /^^(Li x L2,(t>i x (j)2;Pi x P2). 

Proof The result follows from the monotonicity of Li x L2, T,{Li x L2) = 
T.{L)>3 and Theorem lOl □ 

Lemma 4.12 For the spectral sequence E^ -{Li x L2,(l)i x (j)2',Pi x P2) in 
Proposition \4.1]\ the higher differential is given by 

Proof It is true for /c = by ()4.11|) . By the definition of d'^ (see the proof of 
Theorem 

d'' : E'^j{Li X L2, (pi X (f)2] Pi X P2) K^+2Affc+ij+i(^i x -^2, (pi x (/'2; Pi x P2), 

the term E'^j is generated by cocycles in Fn'^'' Cj{Li x ^2,^1 x 02; -Pi x P2) 
(modulo E^j^ term) since we use the field Z2 -coefficients. After modulo E^^^,^ 
we have the higher differential 

d^: pMc^K^i,'/'i;A)®Pi;)c^'HL2,02;P2) ^ 

{F^r:l2Nk+iC''^\Li,(Pi;Pi) Pi;)C^-^(L2, 02; P2)} 

elpWC-'-^ (Li, 0i; Pi) Pii2^,+iC-''^+H^2, </'2; P2)}. 

Note that o = by the monotonicity and Proposition 14.111 Thus the 
result follows from the very definition of d^\^k(^]^.^^^.p.^ for i = 1, 2. The sign is 
not important since the coefficients are in Z2 . □ 
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In general we can not expect the Kiinneth formulae for the tensor product of 
two spectral sequences due to the torsions (see ^jl^ni)- For our case with 
the field Z2 -coefficients, we do have such a Kiinneth formula for the spectral 
sequence. 

Theorem 4.13 For the monotone Lagrangian Li x L2 in {Pi x P2tUJi 0<^2) 
with I^. = \I^,Li SLnd = Ti{L) > 2, (i = 1,2), we have, for k > 1, 

El^iLi X L2,(t>i X 02; Pi X P2) = 

ni+n2=n,ji+j2=j (mod S(L)) 

Proof The case of A; = 1 is the usual Kiinneth formula for the cohomology 
of Li X L2 (see (|4.11l and (|4.12|) . The result follows by induction on k (see 
[Ulini) for the field Z2 -coefficients. □ 

Corollary 4.14 (1) For a monotone Lagrangian L C (P, w), for k > 1 and 
s>2, E^ .{L X L X • • • X L, X • • • X P*) ^ 

niH hns=ra,jiH hjs=J (mod E(L)) 

(2) The Poincare-Laurent polynomial for j{L x L x ■ ■ ■ x L, (p x ■ ■ ■ x (f>; P*) 
satisfies 

P^^'XE^iL X L X ■■■ X L,(I)X ■■■ X <p;P'),t) = {P^''\E^{L,(l);P),t)Y . 

Proof (1) follows from the induction proof of Theorem 14. 131 with Li = L(l < 
i < s) and the field Z2 -coefficients, and (2) follows from the definition of the 
Poincare-Laurent polynomial and (1). □ 

5 Applications 

5.1 Hofer's energy and Chekanov's construction 

In this subsection, we relate our Z-graded symplectic Floer cohomology with 
the one constructed by Chekanov [2]. We also show some results to illustrate 
the interactions among the Hofer energy en {L) , the minimal symplectic action 
cr{L) and the minimal Maslov number S(L). 
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Hofer [S] introduced the notion of the disjunction energy or the displacement 
energy associated with a subset of symplectic manifold. Hofer's symplectic 
energy measures how large a variation of a (compactly supported) Hamiltonian 
function must be in order to push the subset off itself by a time-one map of 
corresponding Hamiltonian flow. Hofer showed that the symplectic energy of 
every open subset in the standard symplectic vector space is nontrivial. See 
jlUj for more geometric study of the Hofer energy. 

Definition 5.1 Let H be the space of compactly supported functions on 
[0, 1] X P . The Hofer symplectic energy of a symplectic diffeomorphism 0i : P — > 
P is defined by 

E{(pi) = inf{ / {may: H {s, x) — rain H{s,x))ds\ 

(pi is a time one flow generated hy H £ 7i}. 
euiL) = inf{S((/>i) : </)i G Ham{P), L n 0i(L) = empty set}. 

Theorem 5.2 2 If E{(j)i) < (t{L), L is rational, and L intersects 
transversely, then 

#{LnML))>SB{L;Z2), 
where SB{L; Z2) is the sum of Betti numbers of L with 7^2 ^coefficients. 

Remark 5. a (1) Polterovich used Gromov's figure 8 trick and a refinement of 
Gromov's existence scheme of the J-holomorphic disk to show that eniL) > 
Chekanov extends the result to e//(L) > (t{L) which is optimal for 
general Lagrangian sub-manifolds (see §1). It is unclear whether Theorem l5.2l 
remains true for the case of E{(j)i) = cr{L). 

(2) Sikorav showed that e//(T"^) > a{T'^). The Theorem 15.21 generalizes 
Sikorav's result to all rational Lagrangian sub-manifolds. 

Chekanov [21 used a restricted symplectic Floer cohomology in the study of 
Hofer's symplectic energy of rational Lagrangian sub-manifolds. Denoted by 

= {7GC°°([0,1],P)|7(0)GL,7(1)G,^,(L)}, 

= IJ f), C [0,1] X C°°([0,1],P). 

se[o,i] 

Assume that 4>s is generic so that D = {s G [0, 1] : (psiL) PI L transversely} is 
dense in [0,1]. One may choose the anti-derivative of Das{z)^ as : — > 



Algebraic & Geometric Topology, Volume 4 (2004) 



674 



Weiping Li 



M./ (t{L)'L, and fix with critical value 0. Pick G L n fj^siL) such that 
modulo a{L)'L, 

< as{zs) = m\n{as{x) (mod a[L)'L)\x E ^(^^j < <y{L). (5-1) 
So it is possible to have as{zs) in H5.1|) for s € I? due to the constant factor for 
Qs- Let ro 7^ be sufficiently small positive number in ^l,^s ^ i^^'^i^))' say 
< ro < jQttsizs). The condition E{(f)i) < cr(L) provides that there is a unique 
X G Z^^ (the x^*"")) which corresponds to the unique lift in (ro,ro + o-(L)), 

< 0^(3;) - as(z,) < cj(L). (5.2) 

Under these restrictions, define the free module Cs over Z2 generated by L n 
4>s{L') and the coboundary map ds G End(Cs) (see below) such that dsods = 
0. Thus H*{Cs,ds) is well-defined for every s G [0,1]. With the unique 
liftings of X and y in (ro,ro + o"(L)), we can identify Chekanov's restricted 
symplectic Floer cochain complex with our Z-graded symplectic Floer cochain 
complex. 

Lemma 5.3 For vq as above, C^°\L,(f)s] P, J) = Cs- Let A4j^{x,y) he the 
restricted moduli space of J -holomorphic curves {u G ^A{L, (ps{L))\u* (uj) = 
as{x) - as{y)}. So 

Proof Note that = /i*^''"'(2/) ~ ^'•'""H^^) = dimM Js{x,y) ior u £ M j^{x,y). 
So y in dsX is the element in cl^^\{L, (j)s; P, J); for any u G M.jXx,y) con- 
tributing in the coboundary of d^^'^'^x, we have u*{uj) = as{x) — as{y) by the 
Proposition 2.3 in [Sj. For the unique lifts in (ro, ro + cr{L)) of , the choice 
of as gives arise to the one-to-one correspondence between A4j^{x,y) and 
Aij{x,y) for n^^°\y) — iJ-'^°\x) = 1. Therefore the coboundary maps agree on 
the Z2 -coefficients. □ 

For s sufficiently small, the point x G L PI (psiL) is also a critical point of the 
Hamiltonian function Hs of (ps ■ The Maslov index is related to the usual Morse 
index of the time-independent Hamiltonian H with sufficiently small second 
derivatives: 

fi^''o)(x) = hh{x) -m. (5.3) 

Proposition 5.4 For the ro as above, we assume that (i) T,{L) > 3 and 
-E((/>i) < (j{L), (a) L is monotone Lagrangian sub-manifold in P , (Hi) L inter- 
sects (j)i{L) transversely. Then there is a natural isomorphism between 

4''°\l, 0,; P) ^ H*+"'{L- Z2) for *eZ and s G [0, 1] . 
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(5.4) 



(5.5) 



The first isomorphism is given by Lemma 15.31 and the second by Lemma 3 of 
P" and Theorem 2.1 of 19 . Then the result follows by applying (|5.4|) and 



Remark 5.b (i) ProDosition l5.4l Drovides the Arnold conjecture for monotone 
Lagrangian sub-manifold with S(L) > 3 and i?(</>i) < cr{L). Chekanov's result 
does not require the assumptions of the monotonicity of L and 5](L) > 3. 



(ii) There is a natural relation /* " {L,4>s;P) = P^Y;,j^-.{L,(j)s; P) for dif- 



For the Lagrangian sub-manifolds L in (C™,a;o) with the standard symplectic 
structure ujq = —dX. The l~form A is called Liouville form, which has the 
corresponding Liouville class € if^(L,M). One of the fundamental results 
in [S] is the non-triviality of the Liouville class. 

Theorem 5.5 (Gromov |H|) For any compact Lagrangian embedding L in 
C™, the Liouville class [X\l] / G H'^{L,R). 

Lemma 5.6 If E{(j)i) < {p + l)cr(L), then k{L,((>) < (p + 1) for the spectral 
sequence E^j{L, 0; P, J) . 

Proof By definition of E((j)) , we have 



(ESI). 



□ 




G [0,1], 




for (pi a time-one flow generated by H{s,x). For any nontrivial u € A4j{x,y) 
which contributes in , we have 

Iu{u) = auix'-''^) - auiy'-''^) < a+^n - a-,H- 
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Thus for any x, y G ci {L, (p; P, J) , we have au{x^^^) — au{y^^'^) < a+,H — 
So 

= E{^i) (5-6) 
< (p + lML) 

By the monotonicity, XI^^{u) = Iuj{u) < {p + l)a{L) {fi^^\x,y) = I^i{u) < 
By Lemma ilTl we obtain the desired result. □ 

Remark 5.c Note that k{L,(j)) = p+1, one can not claim that E{(j)) < 
{p + l)a{L). For k > p + 1, the property = is the zero (mod 2) of 
the 1-dimensional moduli space of J-holomorphic curves. There are possible 
pairs u± of nontrivial J -holomorphic curves which have au^{x^'^^) — au-^{y^^^) > 
ip+l)a{L). 

There are four interesting numbers T,{L),a{L),eH{L) and k{L,(f)) of a mono- 
tone Lagrangian manifold L. Both of them intertwine and link with the Z- 
graded symplectic Floer cohomology and its derived spectral sequence. It would 
be interesting to study further relations among them. 

5.2 Internal cup— product structures 

For the monotone Lagrangian sub-manifold L in (P, iv) with S(L) > 3, we have 
obtained an external product structure (cross product) in Theorem l4.13l In this 
subsection, we show that there is an internal product structure on the spectral 
sequence and the symplectic Floer cohomology of the Lagrangian sub-manifold 
L. 

By a result of Chekanov j2j and Proposition [231 we can identify li''\L, (J); P) ^ 
i?*"'"'"(L; Z2) . Let a be a cohomology class in H^{L;7j2)- Define a map 

aU : CM(L, 0; P, J) ^ ^^^(L, 0; P, J) (5.7) 
x^ #{Mjix,y)nu{PDLia)))-y, 

-MM(x)+AtM{?/)=p 

where i: L ^ P is the Lagrangian imbedding, ^{A4j{x,y) n 2*(P-DL(a))) is 
the algebraic number of i^{PDL{a)) intersecting A4 j{x,y), and PD^^a) is the 
Poincare dual of a in L. 
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Proposition 5.7 The map aU in i)5.7)) is well-defined for the monotone La- 
grangian embedding, and d^^^^ o (aU) = (aU) o dn^ . 

Proof Note that i^,{PDL{a)) is a divisor in P where the intersection Jv[j[x, y) 
n i*(PZ)L(a)) can be made transversally without holomorphic bubblings (see 
[3 |S] Theorem 6). In fact, we can apply the similar argument in Proposition 
4.1 of ^Hl to the Z-graded symplectic Floer cohomology of the Lagrangian 
L in order to avoid the bubbling issue. Now it suffices to check the map aU 
commutes with the Z -graded differential. 

Without holomorphic bubblings, the partial compactification of A4j(x, z) with 
only A; -tuple holomorphic curves can be described as 

Mj{x,z) = U(xfro>lj(ci,Q+i)), 

the union over all sequence x = co,ci,-- - ,Cfc = z such that A1j(ci,Cj+i) is 
nonempty for all < i < A; — 1. For any sequence cq, ci, • • • , Cfc G Fix ((/>) , there 
is a gluing map 

G: y.\-^ Mj{ci, a+i) x D^^ ^ Mj{x, z), 
where D''' = {(Ai, • • • , Afc) G [-oo, oo]''' : 1 + Aj < Aj+i, 1 < i < A; - 1}. 

(1) The image of G is a neighborhood of x^~(|7\4j(cj, Cj+i) in the compact- 
ification with only A; -tuple holomorphic curves. 

(2) The restriction of G to x^~QXij{ci, Q+i) x Int (D'^) is a diffeomorphism 
onto its image. 

(3) The extension of the gluing map is independent of ui,--- ,Uj-i and 
lij+p+i, • • • provided Aj_i = — oo and Aj+p+i = +00. 

G{ui,--- ,Uk,-oo,--- ,-oo,Xj,--- , Aj+p, +00, • • • ,+00) 

= G(uj, ■ ■ • , Uj-i-p, Xj , ■ ■ ■ , Aj-|_p). 

For x G Gj{\L, ((>■ P, J) and z G C^^+p+il-L, </>; P, J) , the space K = M j{x, z) D 
it:{PD(a)) is a 1-dimensional manifold in 17^ with p = deg(a). We have 

0= [_ dPDp\i,{PDL{a))) 

J Mj{x,z) 

= I PD-p\u{PDL{a))) 

JdMj{x,z) 

= dMj{x,z)ni,{PDL{a)), 
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where PDx stands for the Poincare dual of the space X . Since G is a lo- 
cal diffeomorphism near ^^AJ{x, z) , we can integrate PDj}{i^{PDi^{a))) (by 
changing variables) over x^~q^A^ j(cj, q+i) x D'^. We have 

From the definition of D^ we get a(D^) = D^^^ ]J -D'!_"\ where D^"^ = 
{(-^,A2,--- ,A,,)eD'=} and D^-^ = {(Ai, • • • , Afc_i, +00) G D'^} . Thus 

PDp\i,iPDLia))) 



(5.8) 



iaMj{x,z) 

= {dG-\x^^^Mj{ci,Ci+i) X B''),PDp\i,{PDL{a)))) 
= {x^ZoMj{ci,Ci+i) X d(D^),G*iPDp\i4PDL{am) 
= {Xi=oMj{ci, a+i) X n'l'\G*{PDpHi,{PDL{am) 
- {x'll^Mj{ci,Ci+i) X ni-\G*{PDp\i,{PDL{am). 

The image of G is independent of ui in D^^^ and uj. in D^~^ respectively. 
For Ai —00, 

G{x'y-^Mj{ci, a+i) x n'!r') = Mjic^z). 
We have the dimension counting as follows from J2i=o ~ /^^'^''(cj+i)) = 

dimMj{ci,z) = (p+ 1) - (/i(''Hx) -^M(ci)). 

By the transversal of the intersection with ijf{PDi{a)) in fi^, the only possible 
nontrivial contribution of A4j(ci, z) n i^{PDL{a)) is from dim j(ci, z) = p. 
Hence (p + 1) — {fj,^'^\x) — //^^^(ci)) = j5 if and only if ii^'^\x) — ii^^\ci) = 1. 
Therefore we obtain 

(x-=o-^j(ci,Ci+i) X n'r\G*{PDp\u{PDL{am) 
= #M'j{x,ci) ■ #Mjicuz) n uiPDLia)), 
this gives the term (aU) o dn\x) . Similarly for A^. —> +00, 

{x\z^MM,c,+i) X D^-\G*(PZ)pH^*(^^L(a))))) = ° ("U)(x). (5.9) 
Hence the result follows. □ 

Now the map aU defined in (|5.7j) induces a map (still denoted by aU) on the 
Z-graded symplectic Floer cohomology by Proposition 15.71 

aU : /(^)(L, 0; P, J) ^ /('^^(L, P, J). (5.10) 
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Since H*{L;Z2) is a graded algebra with cup product as multiplication, the 
Z2) -module structure of li^\L, (p; P, J) is given by the following com- 
mutative diagram: 

H*{L;Z2)0H*{L;Z2)®li"\L,(f);P,J) ^ H*{L;Z2) 4"\l,<P; P, J) 



U(» 1 



H*{L;Z2)^rJ'iL,(j);P,J) ^ \L , cj); P, J) 

where V: H*{L; Z2)0li''\L, (p; P, J) P, J) is given by V(a, •) = aU- 

in H5.1U() . Thus we have {(aU) o [hlS)}{x) equals 

#Mj{x,y)nu{PDL{b))- #Mj{y,z)nu{PDL{a))-z. 

y^^n + dcg{b) '=^n+dcg{b) + dcg{a) 



Proposition 5.8 If i: L ^ P induces a surjective map i* : H*{P;'L2) — > 
H*{L;Z2), then the Z-graded symplectic Floer cohomology li''\(p,P) has an 
H*{L; Z2) -module structure. 



Proof Ifi*: H*{P;Z2) ^ H*{L;Z2) is surjective, then oPD^ oi* = PDp. 
Thus u{PDL{aUh)) = i*{PDL{i*{apUbp))) = PDp{apUbp) for some classes 
ap,bp e H*{P;Z2). Therefore 

#A^j(x, z) n u{PDL{a U b)) = {PDp\i,{PDLia U 6))), z)) 

= {apUbp,Mj{x,z)) 
= {D*{apxbp),Mj{x,z)) 
= {ap X bp,'D^Mj{x,z)), 

where D^, is the unique chain map up to chain homotopy induced from the 
diagonal map D: ^ il^ x il^, and H*{P;'L2) is viewed as a subring of 
-ff*(r2^;Z2) (see p] §lc or By the monotonicity and the energy formula, 

for any elements in Mj{x,y) x A4j{y,z), we have 

r < aj(xW) < aj(yW); aj(yM) < aj(zW) < r + 2aN. 

So by the uniqueness of the lifting y^**) , we have y € ci^\L, cp; P, J) . For 
IJ'^^'\y) 7^ + deg{b) , then, by the dimension counting, 

(ap X bp,Mj{x,y) x Mj{y,z)) = 0. 
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Thus we obtain (ap x 6p,U (r) A4 j{x,y) x M.j{y,z)) 
{bp,Mjix,y)) ■ {ap,Mjiy,z)) 

f,ir)(^y)=ri+deg{b) 

{PD-p\i,PDL{h)),Mj{x, y)) ■ {PDp\uPDL{a)),Mj{y, z)) 

fiir) {y)=n+deg{b) 

= #{Mj{x,y)r\u{PDL{h)))-#{Mj{y,z)fM,{PDL{a)))z. 

S(b) 

(5.12) 

This equals to ((aU) o {bU){x),z). □ 

One can verify that the module structure is invariant under the compact con- 
tinuation {J^,(p^) G ^i,£/2 by the standard method in [^^j. Note that one 
can define the action of H*{L;'Z2) for any monotone Lagrangian sub-manifold 
L , but the module structure requires for the special property of the Lagrangian 
embedding i: L ^ P in Proposition 15.81 

Hence we obtain a Z2) -module structure on li^\L,(j); P) . Now we as- 

sociate the internal product structure on the Z-graded symplectic Floer coho- 
mology: 

^ l„(L, 0; P) X lS-^{L, 0; P) ^ I^-^n.-nXL. 0; P), (5-13) 

as a bilinear form defined by I^^_^{L,(t>; P) ^ F"i(L;Z2) and KuHi . Note 
that the index-shifting makes the compatibility of the usual cup-product of the 
cohomology ring on H*{L;Z2): F"i(L;Z2) x H''^{L;Z2) ^ i?"i+"2(L; Z2) . 

Corollary 5.9 If i: L ^ P induces a surjective map i* : H*{P]'L2) 
H*{L;Z2) and > 3, then 

H*{L;Z2) ^ End{I^j\L,<p,P-'L2)) 
is an injective homomorphism. 

Corollarv 15.91 generalizes Theorem 3 of Floer ^ of Tr2{P,L) = to the case of 
monotone Lagrangian sub-manifolds L with S(L) > 3 if the intersection L with 
(f){L) is transverse, where (j) ^ Sympo{P) not necessary cp € Ham{P). Note 
that one may combine our construction in §2 - §4 with the one in §3 of 4 for the 
non-transverse points in L fl (^{L) . With the gluing result of trajectories along 
those degenerate points in L n 4>{L) , we obtain that for any exact Hamiltonian 
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(f> on the monotone pair {P,L;u) with > 3, the number #L fl </>(L) of 

intersections of (f){L) with L is greater than or equal to the Z2-cuplength of L 
via ()5.13|) and Corollarv l5.9l I.e., a generahzation of Theorem 1 of ^ is achieved 
for a symplectic manifold (P, uj) and its monotone Lagrangian sub-manifold L 
without the hypothesis ■K2{P,L) = 0. 



Lemma 5.10 For the Lagrangian embedding in Proposition \5. 8[ the map aU 
defined in ^5.7]) preserves the hhration in Dehnition \4.1l and o (aU) = (aU) o 
, where is the higher differential in the spectral sequence of Theorem \4.3l 



Proof Recall fI{^ {L, cP, P; J) = J2k>oCl^U^L)k(^, cp, P] J) ■ Thus by our 
definition aU in 1)5. 71) . we have 



k>0 k>0 



which induces a map aU: fI{^C^ {L, cp, P; J) F^[l^^^^^^C^-{L,(j), P; J) with 
ja = j + deg(a) (mod Thus we obtain a filtration preserving ho- 

momorphism with degree deg(a). Element in E^j is a survivor from pre- 
vious differentials, and x € • is an element in f!{^ C^L, (j), P, J) with 

6x G Pn+i+T:(L)k^''~^^ ^-^^ • "^^^ differential (induced from 5) is count- 

ing the signed one-dimensional moduli space of J-holomorphic curves from 
X G E'^^^ to y G ^^+i+s(L)fcj+i- The diagram 

pfc '^^ Tpk 

i aU i aU (5.14) 

E^ '^^ ) E^ 

n+deg{a),ja n+l+S(L)fc+deg(a),ja+l 

is commutative by the same method of the proof in Proposition 15.71 □ 



Theorem 5.11 For the monotone Lagrangian L ^ P with i* : H*{P;7,2) — > 
H*{L; Z2) surjective and T,{L) > 3, the spectral sequence E^_^ ^(L, cj)] P) has 
an ring structure which is descended from the cohomology ring {H*(L; Z2), U) . 



Proof As we see from the above, there is an internal product structure on 
El_^^,: H^^{L;Z2) x i^i^_^^^.^(L, P) = 

Ei^_rr,,j,{L,^;P) X El^^^j^{L,^;P) ^ i?i^+„^_^,^.(L, P), (5.15) 
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where El^_^ -^{L,4>-P) ^ F"i(L;Z2) and j = ji+ j2 + m (mod Hence 
the module structure in Proposition EiHl shows that the internal product is asso- 
ciative through the identifications. Furthermore the module structure descends 
to the spectral sequence by Lemma 1^. 101 

As a subgroup E^^_^^^^{L,cP; P) C H^'{L;Z2), elements in E'^^_^^^^{L,cP; P) 
are the survivors which are neither an image of some nor the source of the 
nontrivial d'^ due to the Z2 -coefficients. Hence they are exactly the cohomology 
classes in i/"i(L;Z2). In general, the A:-th term E^^_^ j^{L,(f>; P) lies in the 
quotient of E^~^^ (L, (p; P) which is not necessary a subgroup of H"^^ (L; Z2) . 
Therefore there is an associate (from the module structure) internal product 
structure on E^_^^^{L, (j); P) : 

E^^^_^^^^{L,cp-P) X <_„,^.^(L,<A;P) ^ <+„,_^,,(L,<A;P), (5.16) 
via the identification of the first factor ^'^ P) ^ -^"^ ^2) • □ 

In particular, {E^.^JL, </.; P), Uoo) = (FP*— (L, 0; P), U 00) is an associative 
ring on the -graded symplectic Floer cohomology which is induced from 

the cohomology ring of the imbedded monotone Lagrangian sub-manifold L. 
Note that the index shifting 1)5. 16() in the internal product is not the usual one 
due to the relation between the Maslov index and the Morse index. 

For (f) G Sympo(P) and the monotone Lagrangian embedding i: L ^ P with 
i* : i?*(P; Z2) — > H*{L;1i2) surjective and S(L) > 3, we obtain the ring struc- 
ture on E^_^^{L,(j); P) for every k > 1. From the quantum effect arisen 
from the higher differentials in the spectral sequence in Theorem I4.3| the ring 
(HF*~'^{L,(f); P),[Joo) can be thought of as the quantum effect of the regu- 
lar cohomology ring (iJ*(L;Z2),U) = {El_^ ^{L,(j);P), Ui) of the monotone 
Lagrangian sub-manifold L with embedding i: L ^ P. 

Remark There is a general approach for the Aqo -structure on the symplectic 
Floer cohomology of Lagrangians with Novikov ring coefficients in 'T'. The 
Am -multiplicative structure is defined by pair~of-pants construction which is 
quite a complicated and hard in terms of computation. Our cup-product is 
induced from the usual cup-product of H*{L; Z2) and incorporated with those 
higher differentials. Our construction and the cup-product structure have more 
algebraic topology techniques in terms of computation. 
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